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Abstract
Wilson loops in N = 4 supersymmetric Yang-Mills theory corre-
spond at strong coupling to extremal surfaces in AdS5. We study
a class of extremal surfaces known as special Legendrian submani-
folds. The ”hemisphere” corresponding to the circular Wilson loop
is an example of a special Legendrian submanifold, and we give an-
other example. We formulate the necessary conditions for the contour
on the boundary of AdS5 to be the boundary of the special Legen-
drian submanifold and conjecture that these conditions are in fact
sufficient. We call the solutions of these conditions ”special contact
Wilson loops”. The first order equations for the special Legendrian
submanifold impose a constraint on the functional derivatives of the
Wilson loop at the special contact contour which should be satisfied
in the Yang-Mills theory at strong coupling.
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1 Introduction.
Our understanding of the correspondence between gauge fields and strings
improved recently due to the development of the idea of the AdS/CFT cor-
respondence [1, 2, 3]. The most remarkable achievement was the comparison
of the superstring and field theory computations of the quantities which are
not protected by the symmetries. An important example is the study of
the Wilson loop functional [4, 5]. For the loop of the circular shape it was
computed to all orders in the perturbation theory in the large N Yang-Mills
[6, 7]. The result analytically continued to the strong coupling limit was
found to be in agreement with the string theory computation. In another
very recent development, the anomalous dimension of the twist two operators
in the N = 4 Yang-Mills theory was computed from the properties of the
extremal surfaces [8, 9]. Already these two examples show the importance
of the study of the extremal surfaces in AdS space for understanding the
relation between gauge fields and strings.
In our paper we will study a class of the Wilson loops which corresponds
to a special class of the extremal surfaces in AdS — special Legendrian sub-
manifolds. This is a large class of extremal surfaces which are easier to study
than the generic extemal surface. The reason for simplifications is that the
special Legendrian submanifolds satisfy the first order differential equations
while the generic minimal surfaces satisfy the second order differential equa-
tions. We were not able to find explicitly the generic special Legendrian
surface in AdS space and we think that it is actually not possible. But non-
trivial explicit examples of the special Legendrian manifolds are known for
S5 [10, 11, 12, 13] and presumably can be constructed by similar methods
in AdS5. In this paper we will consider only a simplest nontrivial exam-
ple and will mostly concentrate on general aspects of the special Legendrian
manifolds in AdS5.
We will give the definition of the special Legendrian manifold in Section
2. The surface ending on the circular contour on the boundary which was
found in [14, 5] is a special case of a special Legendrian manifold. We will
give another example in Section 2. In Section 3 we will find the necessary
conditions for the contour in R× S3 to be the boundary of the special Leg-
endrian manifold in AdS5 and find all solutions to these conditions in terms
of a real function of one real variable. We conjecture that at least for the
contours which are close to the circular contour these conditions are in fact
necessary and sufficient. We call such contours the ”special contact Wilson
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loops”. In Section 4 we will consider the infinitesimal deformations of the
special Legendrian manifold ending on the circular Wilson loop. We will con-
firm by the explicit calculation that the infinitesimal deformations preserve
the differential conditions on the special contact Wilson loop. In Section 5 we
will show that the special contact Wilson loop does not in general preserve
any supersymmetry. In Section 6 we will study the behavior of a special Leg-
endrian manifold near the boundary of the AdS space. In Section 7 we study
the regularized area of the special Legendrian manifold. We did not succeed
in calculating the regularized area for the general special contact boundary.
This would presumably require the knowledge of the actual special Legen-
drian surface. But we do know something about the infinitesimal variation
of the regularized area under the variation of the contour (not necessarily
preserving the special contact condition). There is a special vector field λµ
in R × S3 which enters into the definition of the special Legendrian mani-
fold. We show that the variation of the regularized area functional under the
infinitesimal deformation of the special contact contour is zero provided that
the normal vector describing the variation is orthogonal to λµ pointwise on
the contour. (The deformed contour does not have to be special contact.) In
other words δ
δCµ
W [C] ∼ λµ for the special contact C. It would be interesting
to see whether this is true only at strong coupling.
An interesting feature of the special Legendrian surfaces is that the world-
sheet coordinates satisfy the first order differential equations. This is usually
associated with the supersymmetry. However the string wrapped on the spe-
cial Legendrian manifold does not in fact preserve any supersymmetry. A
special case of the special contact Wilson loop is the circular Wilson loop.
On the field theory side the circular Wilson loop classically preserves half
of the supersymmetry. But quantum mechanically all the supersymmetry
is presumably broken because of the problems with the regularization [15].
On the string theory side the corresponding string worldsheet is not super-
symmetric even on the classical level. And for the special contact Wilson
loops which are not circular we show in Section 6 that the supersymmetry is
completely broken already in the field theory even classically.
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2 Special Legendrian manifolds.
2.1 Definitions.
We consider AdS5 embedded into R






























We will introduce in R2+4 the complex coordinates z0 = y−1 + iy0, z1 =
y1 + iy2, z2 = y3 + iy4. The metric and the complex structure define the
Kahler form
ω = dz0 ∧ dz0 − dz1 ∧ dz1 − dz2 ∧ dz2 (3)
We will also need the holomorphic 3-form
Ω = dz0 ∧ dz1 ∧ dz2 (4)
Lagrangian submanifolds. The submanifold L ⊂ C1+2 is called Lagrangian if
ω|TL = 0. One can see that for the Lagrangian manifold
Ω|TxL = eiφ(x)volL (5)
Special Lagrangian submanifolds. The Lagrangian manifold is called special
Lagrangian [16] if the phase φ(x) is constant (does not depend on x). In flat
space it is enough to consider the case when φ = 0 (because the cases with
φ 6= 0 are related to the cases with φ = 0 by a symmetry):
Im Ω|TL = 0 (6)
The special Lagrangian manifolds are extremal in the sense that when we
deform them the variation of the volume is of the second order in the defor-
mation. We will review the proof of this fact in Appendix.
The Euler vector field E = xµ ∂
∂xµ
is orthogonal to AdS5. The complex
structure in R2+4 defines the one-form λ in the AdS space:
λ = ιEω (7)
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The corresponding vector field λµ can be restricted to the boundary; the
restriction is also denoted λµ. The restriction of the Kahler form ω to the
AdS space is ω|AdS = 12dλ.
Contact submanifolds. A submanifold X of AdS5 is called contact if the
restriction of λ on X is zero. This is equivalent to the cone over X being
Lagrangian. The maximal dimension of a contact submanifold X in AdS5 is
two.
Special Legendrian submanifolds. A special Lagrangian manifold is called a
special Lagrangian cone if it is invariant under the rescalings generated by E.
The intersection of a special Lagrangian cone with AdS5 is called a special
Legendrian submanifold [11]. A special Legendrian submanifold is contact
and the restriction of λµνzλdzµ ∧ dzν to its tangent space is real. It is an
extremum of the area functional.
The ”hemisphere”. An example of the special Lagrangian cone is the plane
given by the equations
y0 = y1 = y4 = 0 (8)
The corresponding special Legendrian manifold is AdS2 ⊂ AdS5. Its bound-
ary is the circular Wilson loop. Historically it was one of the first Wilson
loops computed in the strong coupling limit by the AdS/CFT correspon-
dence [14, 7]. The extremal surface looks like a hemisphere in the Poincare
coordinates.
The infinitesimal deformations of the Lagrangian submanifold Σ are in
one to one correspondence with the generating functions H ; the correspond-
ing normal vector field ξH is given by the equation
dH(η) = ω(ξH, η) (9)
for any vector η tangent to Σ. If we require Σ to be a cone H has to
satisfy H(ty) = t2H(y) — a homogeneous function of the degree 2. If we





Therefore the deformations of the special Lagrangian cones are parametrized
by a single homogeneous harmonic function of the degree two. In some sense
there are as many special Lagrangian cones as there are harmonic functions of
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the degree two on a three-dimensional space. Notice that the deformations
of the general three-dimensional extremal cone in R2+4 are parametrized
roughly speaking by three homogeneous harmonic functions of the degree two
(the worldsheet coordinates). The general extremal cone is parametrized by
three harmonic functions while the special Lagrangian cone is parametrized
by one harmonic function.
2.2 Special Legendrian manifolds are described by the
first order differential equations.
The special Legendrian manifolds have a property which resembles the princi-
ple of analytic continuation for the complex curves. It turns out that the spe-
cial Legendrian manifold is completely determined by any one-dimensional
contour belonging to it [16]. Consider the contour zµ(σ), σ ∈ R inside the
special Legendrian manifold Σ. At any given point on the contour zµ(σ0)
the tangent space to Σ is generated by two vectors one of which is ∂σzµ(σ0).
The other one may be chosen to be orthogonal to ∂σzµ. Let us call it ξ.
It turns out that ξ is completely determined up to the multiplication by a
real number by the condition that Σ is special Legendrian. Indeed, ξ should












The first of these equations says that ξµ belongs to AdS5 (real part) and
to the kernel of λ (imaginary part). The second equation says that ξµ is
orthogonal to ∂σz (real part) and ω(∂σz, ξ) = 0 (imaginary part). These are





We can deform the contour zµ(σ)→ zµ(σ) + ξµ(σ). The deformed contour
still belongs to Σ. Therefore we get a family of contours sweeping Σ. This












This is a system of the first order equations on the worldsheet coordinates.
By this construction any contact one-dimensional contour in AdS5 will
give a special Legendrian manifold. Contact one-dimensional contours in
AdS5 depend on three real function of a real variable. Two one-dimensional
contours give the same special Legendrian manifold if they are related by
the deformation (12). Therefore a special Legendrian submanifold in AdS5 is
parametrized by two real functions of a real variable. This probably suggests
that a special Legendrian manifold will generally have at least two bound-
aries. Indeed, as we have seen these manifolds are parametrized roughly
speaking by a harmonic function; but a harmonic function is defined by its
boundary values which gives one real function of a real variable per boundary.
2.3 Example.
In this section we will repeat in AdS5 the construction of the special Leg-
endrian manifold in S5 suggested in [13]. We consider the following surface
parametrized by the two real parameters σ and τ :
zµ(τ, σ) = igµ(τ)e
iαµσ (14)
where gµ(τ) is real. This is a special Legendrian manifold if
α0 + α1 + α2 = 0 (15)
and g0(τ), g(τ), g2(τ) satisfy the algebraic equations:
g0(τ)
2 − g1(τ)2 − g2(τ)2 = 1
α0g0(τ)
2 − α1g1(τ)2 − α2g2(τ)2 = 0 (16)
Indeed zµ(τ, σ) satisfies (13) if we choose τ so that gµ(τ) satisfy the system
of differential equations:
g˙0 = −(α1 − α2)g1g2
g˙1 = (α2 − α0)g2g0
g˙2 = −(α1 − α0)g1g0
(17)
for which (16) are integrals of motion. Equations (16) have real solutions only
if α1 and α2 have different sign. Also notice that αµ 7→ −αµ is a symmetry.
This means that without any loss of generality we may assume
−α2 > α1 > 0 (18)
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With this choice of αµ the solution is:
z0 = i
(




















. The induced metric on the worldsheet is:
ds2 = −
[







(α1 − α2)T + 13
] [
(−α1 − 2α2)T − 13
] [






This metric is negative definite and becomes asymptotically the metric of the
















































which explicitly shows that the surface is extremal. The boundary is at
T = +∞. It can be parametrized by σ:
z0 = i
√
α1 − α2 e−i(α1+α2)σ
z1 = i
√−α1 − 2α2 eiα1σ
z2 = ±i
√
α2 + 2α1 e
iα2σ
(22)
It is spacelike and consists of two components corresponding to the choice
of the sign in the formula for z2. It is interesting to consider the limit α2 =
−2α1+a where a is positive and small. The boundary consists of two spirals
with the common central line. It is spacelike becoming lightlike when a = 0.
The distance between the spirals is comparable to the length of the period
of each spiral.
An interesting property of this example is that the double spiral extrem-
izes the Wilson loop functional. We will prove it at the end of Section 7.
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3 Special contact Wilson loops.
We want to characterize the one-dimensional contours in the boundary of
AdS5 which are the boundaries of the special Legendrian manifolds in AdS5.
We will first describe some necessary conditions for such a contour. The first
condition is that the contour should be contact. This means that the one
form on the boundary of the AdS space which defines the contact structure
should be zero on a tangent vector to the contour. This condition by itself is
not enough. To formulate the second condition we define another one-form on
the boundary. More precisely, this one-form is defined only on those vectors
which are tangent to the contact structure. We prove that if the contour
is the boundary of the special Lagrangian cone then this second one-form
should be also zero on the contour.
We then conjecture that these two necessary conditions are sufficient at
least for those contours which are small deformations of a circular contour.
We explicitly describe the solutions to these conditions.
3.1 Two necessary conditions.
The boundary of AdS5 is conformally S
1 × S3. It is the projectivization of
the lightcone C ⊂ R2+4. Instead of considering the one-dimensional curves
in S1 × S3 we will consider the two-dimensional subcones of C. Suppose
that X ⊂ C is a two-dimensional subcone. When X is the boundary of the
special Lagrangian cone L ⊂ R2+4+ ? The obvious necessary condition is that






µ = 0 (23)
To formulate the second necessary condition we will need to define a complex
one-form Λ. Let TX be the tangent bundle to X. Let S ⊂ TX be the
subspace tangent to the contact structure:
S = {ξ ∈ TX|ω(E, ξ) = 0} (24)
























These three forms of rewriting Λ prove the invariance of Λ under SU(0, 2)
which stabilizes z0 and two SU(1, 1) which stabilize z1 and z2. These three
groups generate SU(1, 2).
For X to be the boundary of the special Lagrangian L it is necessary that
Im Λ|TX = 0 (27)
Let us prove that this is a necessary condition.
Let us fix a point l ∈ X. The tangent space TlX is generated by two
linearly independent vectors l and η, where η should be orthogonal to l. To
generate the tangent space to L we need to add a third vector ν which is or-
thogonal to η and leads out of the light cone. By an SU(1, 2) transformation






 , η2 ∈ C (28)







Consider the subgroup U(1, 1) ⊂ SU(1, 2) which rotates η by a phase:
U(1, 1) = {g ∈ SU(1, 2) | g.η = eiφη}. We can use this subgroup to make
q0 and q1 real. Notice that q
2
0 − q21 = 0. What can we say about ν? Since
L is special Lagrangian ν should be orthogonal to both I.η and I.l. Also
remember that we have chosen ν to be orthogonal to η. This means that ν








 + a I.l (30)
where r0, r1 and a are real numbers. Now we have Ω(ν, η, l) = (r0q1− r1q0)η2
and Λ(η) = q1η2
q0
. Therefore Ω(ν, η, l) ∈ R implies Λ(η) ∈ R. This proves
that (27) is a necessary condition.
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We conjecture that at least for the contours sufficiently close to the circle
(23) and (27) are actually sufficient. Our motivation for this conjecture
is the counting of the parameters. Consider the ”hemisphere” (8). The
small deformations of this hemisphere correspond to the degree two harmonic
functions on the corresponding cone. These harmonic functions should be
determined by their boundary values (we will explain the details in Section
4.) The boundary value of the function is a real function on a circle. We
conjecture that these deformations are unobstructed. This was proven in
[17] for compact special Lagrangian manifolds, but we are dealing with non-
compact cases. If it is true that the deformations corresponding to harmonic
functions are unobstructed then the special Legendrian manifolds close to
the hemisphere should be parametrized by a real function on a circle. In the
next subsection we will see that the contours satisfying (23) and (27) are also
parametrized by a real function on a circle. This suggests that there is a one
to one correspondence between the contours satisfying (23) and (27) and the
special Legendrian manifolds, at least in the vicinity of the circular contour.
3.2 Special contact loops.
We will call special contact loops the solutions to the necessary conditions
(23) and (27):
ιEω(η) = 0
Im Λ(η) = 0
(31)
These special contact loops can be described very explicitly. Consider a
closed path u(σ) in S2 = CP 1 which restricts the domain of zero area (area
is counted with the orientation; ∞ is an example of a path which restricts









∂σ y2 = 0, y2(σ)/y1(σ) = u(σ) (32)






















Therefore the special contact Wilson loops correspond to the closed contours
in CP 1 restricting a domain of zero area.
3.3 In Poincare coordinates.
Let us introduce the Poincare coordinates:
(z0; z1, z2) =
(
















Let us write the conditions for the contour in these coordinates. It is conve-
nient to introduce:
x± = x0 ± x3 (38)
The contact condition λ = 0 reads:






d x2 = 0 (39)
We find it more convenient to consider special Lagrangian manifolds with
iΩ ∈ R (rather than Ω ∈ R) when working in Poincare coordinates. The
special condition Re[z0(z1
↔





















The solutions to these conditions are parametrized by a a complex valued
function y(σ):
x1 + ix2 = y(∂σy¯)
1/3/Re (∂σy)
1/3
x− = −Im (∂σy)1/3/Re (∂σy)1/3
x+ = x−|y|2 + i ∫ dσ (y∂σy¯ − y¯∂σy) + C
(41)
where C is a constant. Adding constant to x+ corresponds to the su(1, 2)
transformation δ(z0; z1, z2) = (iz0 + z2; 0, z0 − iz2).
11
4 Infinitesimal deformations of the special La-
grangian plane.
As we have explained in Section 2 the deformations of the special Lagrangian
cone correspond to the harmonic functions, homogeneous of the degree two.
If the cone is a plane we can describe such functions and the corresponding
deformations rather explicitly.
An infinitesimal deformation of the plane R1+2 ⊂ R2+4 is described by
a vector field ξ(v), v ∈ R1+2 which is orthogonal to R1+2. The Lagrangian
deformations correspond to functions H on R1+2 in the following way:
ξH(v) = I.∇H(v)
where I is the complex structure in R2+4 (multiplication by i in C1+2.)
We want the deformed submanifold to be a special Lagrangian cone. This
leads us to considering the harmonic functions H which are homogeneous,
H(tv) = t2H(v). Such a function H(v) can be reconstructed from its values
on the lightcone. Let us choose a vector v0 = [1, 0, 0] in R
1+2 and consider
the circle S(v0) — the set of points l on the lightcone (l, l) = 0 satisfying








(v · l)3 (42)
In fact we could have replaced S(v0) by any closed path on the lightcone;
this integral with the naturally defined measure dl does not depend on the
choice of the path. The limiting value near the intersection with the light
cone ξ(v)|v→l depends on H(l), ddσH(l) and d
2
dσ2
H(l) where σ is the angular
coordinate on S(v0). The direct computation expressing ξ(v)|v→l through
H(l) and its first and second derivative should be rather cumbersome. We




(v · l)3 (l, Q.l)[dl] (43)
where Q is a constant 6× 6 matrix. Because of the SO(2, 4) invariance
I[Q](v) = Av2tr Q+B(v,Q.v) (44)
2For the explanation of the Asgeirsson theorem see for example [18].
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From the theorem about the mean value, B = 3. Therefore
I[Q](v) = −v2tr Q+ 3(v,Q.v) (46)
Let us take








Take l(σ) = (1, cosσ, sin σ). At σ = 0 we have Φ(0) = Q00 + 2Q01 − Q11,
Φ′(0) = 2(Q02 −Q12), Φ′′(0) = 2(Q11 −Q01 −Q22). At the same time




Q00 +Q11 +Q22 − 3(Q00 +Q01)

















(Φ′′(τ)− 2Φ(τ)) cos τ + 3Φ′(τ) sin τ
−3Φ′(τ) cos τ + (Φ′′(τ)− 2Φ(τ)) sin τ

 (49)
One can verify that this deformation preserves both z¯µ
↔
d zµ = 0 and
Im[z0(z1
↔
d z2)] = 0. Indeed the unperturbed contour is (z0; z1, z2) =
(1; cos τ, sin τ). The contact form:




∂ τ sin τ) + (ξ1
↔
∂ τ sin τ) + (cos τ
↔
∂ τ ξ2) = 0 (51)
In this example we see that the deformation of the special contact Wilson
loop is described in terms of a single function H(σ). The formula for the
deformation is rather complicated involving up to two derivatives of H . The
deformation preserves the special contact conditions (23) and (27).
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5 No supersymmetry.
The extremal surface in AdS5 with the boundary on the contour C corre-







µ + Φ1|∂σx|) (52)
This functional is invariant under the superconformal transformations which
are generated by the conformal Killing spinor ψ(x) satisfying the constraint:
γµ∂σx
µψ(x) = i|∂σx|Γ1ψ(x) (53)
Here γµ are the space-time gamma matrices and Γ1 is first of the six gamma-
matrices generating the Clifford algebra of R6. We should have {γµ, γν} =
2gµν and {Γi,Γj} = 2δij and [γµ,Γi] = 0. The conformal Killing spinors are
of the form
ψ(x) = ψ0 + γµxµψ1 (54)
where both ψ0 and ψ1 are constant spinors
3. The condition (53) is satisfied
for the circular Wilson loop. Indeed, consider the circular Wilson loop in the
plane (x1, x2) given by the equation:
x21 + x
2
2 = 1 (55)
The condition (53) is satisfied for the following conformal Killing spinor:
ψ(x) = χ0 − i(x1γ1 + x2γ2)γ1γ2Γ1χ0 (56)
where χ0 is an arbitrary constant spinor. But the generic special contact Wil-
son loop does not preserve any supersymmetry. For example let us consider
the Wilson loop corresponding to the contour y(σ) shown on the picture:
3The conformal Killing spinors on flat R4 should satisfy ∂µψ = γµψ1. It follows that
ψ1 should be constant. Indeed, ψ1 would satisfy γµ∂νψ1 = γν∂µψ1 which implies that ψ1
is a constant.
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